In most non-perturbative methods in hadron physics the calculations are started with a correlation function in terms of some interpolating and transition currents in x-space. For simplicity, the calculations are then transformed to the momentum space by a Fourier transformation. To suppress the contributions of the higher states and continuum; and enhance the ground state contribution, Borel transformation as well as continuum subtraction are applied by the help of quark-hadron duality assumption. In the present study we work out the mathematics required for these processes in the case of light and multiheavy hadrons. We address a well-known problem in subtraction of the effects of the higher states and continuum and discuss how we find finite results without any divergence by using an appropriate representation of the modified Bessel functions, appearing in the heavy quark propagator, and successive applications of the Borel transformations, which lead to more suppression of the higher states and continuum contributions. The results obtained can be used in determination of the spectroscopic and decay properties of the multi-heavy standard and non-conventional (exotic) systems in many non-perturbative methods, specially the QCD sum rules. *
Introduction
The traditional mesons and baryons as strong bound states of quarks and gluons are represented as the standardandstates in terms of the valence quarks. There have been made good progresses on identification and determination of many spectroscopic and decay properties of theses standard hadrons both experimentally and theoretically (for more information see for instance [1] [2] [3] [4] and references therein). Indeed, many ground and higher states at different light and heavy channels have been discovered in the experiment. Roughly, all the light and heavy ground states mesons predicted by the quark model, have been observed. Besides, all the light and single charmed ground state baryons together with some excited states have been detected by different experiments, as well. In the case of heavy b-baryons, except the Ω * b baryon with spin-3 2 , all single heavy baryons have been seen. For the standard baryons with two or three heavy quarks, however, only the Ξ cc has been discovered. For the first time, its existence was reported by SELEX collaboration [5, 6] , but it was not been later confirmed by other groups. Recently, the LHCb collaboration has reported the observation of doubly heavy baryon Ξ ++ cc via the decay mode Λ + c K − π + π with mass 3621.40 ± 0.72(stat.) ± 0.27(syst.) ± 0.14(Λ + c ) MeV/c 2 [7] . Neither the quark model, nor the QCD as the theory of the strong interaction do not exclude the existence of the strong bound states out of the traditionalandsystems [8] [9] [10] [11] [12] .
The existence of such non-conventional (exotic) states were predicted by Jaffe [8, 13] . Although they had been predicted more than forty years ago, the experimental searches had ended up in null results up to 2003, when the Belle Collaboration discovered the famous X(3872) in the π + π − j/ψ invariant mass distribution from B ± → K ± π + π − J/ψ decays [14] . This discovery had stimulated the experimental and theoretical investigations of the exotic states such that a plenty of tetraquarks were discovered by different experimental collaborations.
Motivated by these progresses, in 2015, the LHCb Collaboration announced the observation of two pentaquark states P + c (4380) and P + c (4450) in the J/ψp spectrum of Λ b → J/ψ p K − process [15] . After discovery of the exotic states, many theoretical and experimental efforts have been devoted to the determination of the internal structure of these new objects. Despite a lot of studies, unfortunately, the nature and structure of most of exotic states remain unclear. The studies predict a hidden charm/bottom structure together with two or three light quarks for the tetraquark or pentaquark states newly discovered by experiments. However, there are many contradictory suggestions on the quark organizations of these states in the literature (for more information see for example [16] [17] [18] and references therein). Hence, we need more study on the spectroscopic and decay properties of the newly founded exotic and heavy baryonic states.
Up to now, studies of hadrons with light and one heavy quark have well covered (see for instance Refs. [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] and references therein) but investigations of hadrons with two or more heavy flavour quarks are still rare (see for example Refs. [32] [33] [34] [35] [36] [38] [39] [40] [41] and references therein). In order to study the properties of heavy systems containing more heavy quarks using some non-perturbative methods, especially the QCD sum rules, we should develop the mathematics of heavy and light systems with more quarks. The situation in calculations of the spectroscopic parameters of such states and corresponding mathematics is better. Indeed, in [32] [33] [34] [35] [36] , the mathematics required for performing the Fourier and Borel transformations as well as the continuum subtraction related to the spectroscopic parameters of the doubly and triply heavy baryons has been well worked out. We present the mathematics required to calculate all physical properties of the baryons with two-five heavy quarks, especially their electromagnetic and strong decays and their interactions with other particles. A special case of these baryons with full b quarks and without light quarks are called beauty-full states (see for instance [37] ). We use the phrase " beautiful mathematics" in the title of the manuscript to insist that the results are finite and the calculations do not include any divergence.
Similar calculations for the light and single heavy systems had been done for interaction with photon (q 2 = 0) in Ref. [42] and in the case of single heavy baryons with q 2 = 0 in Ref. [22] . We extend these calculations to study the heavy systems containing two-five heavy quarks for all values of the transferred momentum squared. For reader we repeat the calculations done in Refs. [22, 42] for the light and heavy systems to give an idea about the calculations for simple systems. This article is structured in the following way. Section 2 is devoted to developing the mathematics of the light and heavy systems, each of them is explained in details in separate sub-sections. In section 3 we present the concluding remarks.
Mathematics for light and heavy systems
As we previously mentioned, in many non-perturbative methods, especially the QCD sum rules (traditional SVZ and light cone QCD [43, 44] ), in order to calculate the physical parameters of hadrons as strong bound states of quarks and gluons, we start with a basic object called correlation function. This function is expressed in terms of time ordering product of some interpolating or transition currents in coordinate space. As an example let us consider the strong interaction of doubly heavy spin-1/2 baryons with light pseudoscalar mesons. The light-cone correlation function responsible for such vertices can be written as
where P(q) denotes the pseudoscalar mesons of momentum q. In light-cone QCD sum rules we use the distribution amplitudes (DAs) of these mesons expanded in terms of wave functions having different twists (for details about DAs of the pseudoscalar particles please see the Appendix). In Eq. (1) η represents the interpolating currents of the doubly heavy baryons. It is given as
where S and A respectively represent the symmetric and anti-symmetric parts, β is a mixing parameter with β = −1 corresponding to the famous Ioffe current, C is charge conjugation operator; and a, b, and c are the color indices. Here Q/Q ′ and q correspond to the heavy and light quarks fields, respectively. The interpolating current with the u or d quark corresponds to the Ξ QQq , but with s indicates the Ω QQq baryons, respectively. Note that in the symmetric part, both heavy quarks can be identical or different, but in the anti-symmetric part two heavy quarks should be different. After insertion of the above currents into the correlation function and contracting out the quark-pairs using the Wick's theorem, we get a result in terms of the heavy and light quarks' propagators. For instance for the symmetric part we get
where S ′ = CS T C, with S being the heavy or light quark propagator, and A is normalization constant. To proceed, we need to know the explicit expressions of the light and heavy quark propagators in x-space. They are given as [18, [45] [46] [47] ]
and
where γ E is the Euler constant, G µν is the gluon field strength tensor, Λ is the scale parameter and K ν in the heavy propagator denote the Bessel functions of the second kind. By inserting the explicit expressions of the heavy and light propagators we end up with an expression in coordinate space that we need to transfer it to the momentum space in order to make the calculations easy and ready for the application of the Borel transformation as well as the continuum subtraction to enhance the ground state pole contribution and suppress the effects of the higher state and continuum. In the case of heavy systems with more than one heavy quarks, using the integral representation of the Bessel functions of the second kind, appearing in the heavy quark propagator in the form
in Minkowski space with m Q being the heavy quark mass, leads to a well-known problem and we end up with indeterminate results in the calculations of the continuum subtraction (for details see the Appendix C of the Ref. [48] ). By choosing an appropriate representation of the Bessel functions and applying successive Borel transformations with the aim of more suppressing the unwanted contributions, we show how we obtain a finite result for systems of multi-heavy quarks. In the following, we present the mathematics required for these processes in the light, single heavy, doubly heavy, triple heavy, four heavy and five heavy systems. Note that we will use the free parts of the quark propagators to present the calculations, however, the applied method is also valid when we include the interacting parts of the quark propagators. The interacting parts of the heavy quark propagator can also be written in terms of the modified Bessel functions [18] .
Light systems
In the following, we study the mathematics required for investigation of the light hadrons containing the light (u, d, s) quarks and their interaction with the photon and other particles. Inserting the light quarks' propagators into the expression obtained after contracting out the quark pairs in the correlation functions in many non-perturbative methods, we get the following generic expression in x-space:
where P = p + uq with uq coming from distribution amplitudes of the on-shell state, u is the momentum fraction and f (u) is a general function. In the following for simplicity we omit the dependence of T 0 function on p and q. We perform a Wick rotation to go the Euclidean space
Now we use the Schwinger parametrization
and get
The next step is to make the power of the exponential full-squared and perform the resultant Gaussian integral over four x using
This leads to
Spectral representation and continuum subtraction for light systems
Our aim is to write the T 0 function in terms of a double dispersion integral
and find the spectral density ρ 0 (s 1 , s 2 ). The final goal is the application of continuum subtraction in order to more suppress the contributions of higher states and continuum. The double Borel transformed form of the T 0 function is written as
Now, let us discuss how contributions of the continuum and higher states are subtracted and the spectral density ρ 0 (s 1 , s 2 ) is obtained. To this end, we consider a generic term of the form
The first step is to expand f (u 0 ) as
As a result we get
Introducing new variables,
, we have
Applying double Borel transformation with respect to σ 1 →
, we obtain the spectral density as
We define the spectral density ρ 0 (s 1 , s 2 ) = B 1/τ 1 B 1/τ 2 Π 0 with τ 1 → s 1 and τ 2 → s 2 . Hence,
Performing integration over t, finally, we obtain the following expression for the double spectral density:
. Using this spectral density, the continuum subtracted correlation function in the Borel scheme corresponding to the considered term can be written as:
where "sub" stands for subtracted. Defining new variables, s 1 = sv and s 2 = s(1 − v), we get
Finally, using the expression for the spectral density, one can get
Systems with one heavy quark
In the following, we study the hadrons containing a single heavy quark with some light quarks. Let us consider the following generic term:
where m Q is the mass of heavy quark and K ν is the modified Bessel function of the second kind in order ν. The K ν function comes from the x-representation of the heavy quark propagator. Using the following integral representation of the modified Bessel function
we have
We perform a Wick rotation to go to the Euclidean space
Using the identify
Eq. (30) can be reformulated as
In the next step, we performe the Gaussian integral over four-x and t
As a result, we get:
We introduce the new variables ρ and λ, defined by
which leads to
Applying double Borel transformation with respect to
, we obtain
The double spectral density ρ 1 (s 1 , s 2 ) is found by replacing τ 1 → s 1 and τ 2 → s 2 in the expression as
Performing the integration over l, finally we obtain the following expression for the double spectral density:
or
Using this spectral density, the continuum subtracted correlation function in the Borel scheme corresponding to the considered term can be written as:
Defining new variables, s 1 = 2sv and s 2 = 2s(1 − v), we get
Using the expression for the spectral density, one can get
By integrating by part over v, finally we obtain
Systems containing two heavy quarks
In the following, we study hadrons containing two heavy quarks and some light quarks. Let us consider again the following generic term:
where m iQ 's are the masses of heavy quarks and K ν and K µ are the modified Bessel functions of order ν and µ, respectively. Using the integral representation of the modified Bessel functions from Eq. (28), we have
We again perform a Wick rotation to go the Euclidean space
Using the Schwinger integral representation presented in Eq. (31), Eq. (58) can be reformulated as
(59) Performing the Gaussian integral over four-x, t 1 and t 2 , we get
4y 2 e −P 2 4(y 0 +y 1 +y 2 )
Now we introduce the variables ρ, v and u, defined by
Applying again the double Borel transformations with respect to (p + q) 2 → M 2 1 and p 2 → M 2 2 and performing the integrals over the variables u and ρ, using the resultant Dirac Deltas, we obtain
The new variables
change the above expression to
Spectral representation and continuum subtraction for systems containing two heavy quarks
Now, let us discuss how contributions of the higher states and continuum are subtracted. We consider again a generic term of the form
where
The first step is to expand A(u 0 ) as
, we obtain the spectral density
where the spectral density ρ 2 (s 1 , s 2 ) is found by τ 1 → s 1 and τ 2 → s 2 in this relation
Performing integration over l, finally we obtain the following expression for the double spectral density:
If we look at the integrand out of the Step function θ, it diverges inside the bound of z. However, this divergence is removed considering the step function coming from the successive application of the double Borel transformations by modifying the limits of the integral over z and removing the points leading to the divergences out of the boundaries. Hence, we get finite results for the values of n, k, µ, and ν. Using this spectral density, the continuum subtracted correlation function in the Borel scheme corresponding to the considered term can be written as
Integrating over v, finally we obtain
Systems containing three heavy quarks
In the following, we study hadrons containing triple heavy quarks with some light quarks. The general form of the correlation function in this case is
Using the definition of the modified Bessel function from Eq. (28), we obtain
where a Wick rotation and usage of the Schwinger integral representation leads to 
We introduce the variables ρ, v, r and w defined by
Now we apply the Borel transformation of the exponential e −P 2 4ρ , and perform the u and ρ integrals. As a result we get
The variables x, y and z, defined by
help us end up in the final form of the double Borel transformed T function as
Spectral representation and continuum subtraction for systems containing three heavy quarks
To suppress the contribution of the higher states and continuum in this case we consider a general form as fallows
Expressing A(u 0 ) function in series, leads to
We introduce the new variables,
, and rearrange the terms
, gives us
where the spectral density ρ 3 (s 1 , s 2 ) is found from the same manner as the previous sections as
Systems containing four heavy quarks
In the following, we study hadrons containing four heavy and some light quarks. We start with the generic term:
where m iQ are again the masses of the heavy quarks. We can rewrite Eq. (98) as
We perform a Wick rotation to go to the Euclidean space and use again the Schwinger integral representation, we get × cos(m 1Q t 1 ) cos(m 2Q t 2 ) cos(m 3Q t 3 ) cos(m 4Q t 4 ).
(100)
The next step is to perform the Gaussian integral over four-x and integrals over parameters t i . As a result, we get we get 
We introduce the new set of variable as ρ = y 0 + y 1 + y 2 + y 3 + y 4 , v = y 1 y 0 + y 1 + y 2 + y 3 + y 4 , r = y 2 y 0 + y 1 + y 2 + y 3 + y 4 , w = y 3 y 0 + y 1 + y 2 + y 3 + y 4 ,
Applying the double Borel transformation and performing integral over the parameters u and ρ, we obtain
For further simplifications, we introduce the variables x, y, z and t, defined by
Hence,
Spectral representation and continuum subtraction for systems containing four heavy quarks
We again start with the fallowing general form:
As usual, the first step is to expand A(u 0 ) in series, which leads to
Now, the new variables,
, are introduced. After some manipulations, we get
The double Borel transformation with respect to σ 1 →
are applied. From similar manner to the previous cases, the spectral density is found as
Using this spectral density, the continuum subtracted correlation function in the Borel scheme corresponding to the considered term can be written as
Integrating over v, finally leads to
Systems containing five heavy quarks
The required function to be evaluated in this case is
where m iQ , are the masses of heavy quarks. Using the integral representation of the modified Bessel function, we have
In this step, for further calculations, we again perform a Wick rotation to go the Euclidean space and use the Schwinger representation. We get
The next step is to perform the Gaussian integral over x and integrate over t i 's. This leads to 
We introduce the variables ρ, v, l, r, h and w, defined by
to write the function T 5 as
Now we apply the double Borel transformation and perform the integrals over u and ρ,
The following new set of variables make the function B M 1 B M 2 T easy to process:
so,we get
Spectral representation and continuum subtraction for systems containing five heavy quarks
We take the general term
With expanding A(u 0 ), this leads to , we obtain
and this leads to the spectral density
Defining new variables, s 1 = 2sv and
Using the expression for the spectral density, one can get 
Conclusion
We worked out the mathematics required for the calculations of the parameters related to the spectroscopy as well as the electromagnetic, weak and strong decays of the light and heavy systems with two-five heavy b or c quarks. In particular, we presented the calculations required in the Fourier and Borel transformations as well as continuum subtraction of the considered systems. We showed that by choosing an appropriate representation of the modified Bessel functions of the second kind and applying successive Borel transformations with the aim of more suppression of the unwanted contributions, how we can get finite results without any divergence. Such divergences are appeared for systems of two heavy quarks by choosing a special integral form of the modified Bessel functions and performing the regular calculations according to the standard prescriptions of the QCD sum rule approach as done in the Appendix C of the Ref. [48] . The method presented here greatly simplifies the calculations of the correlation functions for systems containing more than two heavy quarks. Our results can be used in calculations of many parameters of the conventional and non-conventional heavy hadrons and their interactions with other particles using the non-perturbative approaches like QCD sum rules. 
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In Eq. (136) we have,
and Dα = dαqdα q dα g δ(1 − αq − α q − α g ), and and the DA's ϕ P (u), A(u), B(u), ϕ P (u), ϕ σ (u), T (α i ), A ⊥ (α i ), A (α i ), V ⊥ (α i ) and V (α i ) are functions of definite twist whose explicit expressions can be found in [49] [50] [51] .
